Detecting nonclassical correlations in levitated cavity optomechanics
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Nonclassical optomechanical correlations enable optical control of mechanical motion beyond
the limitations of classical driving. Here we investigate the feasibility of using pulsed cavity-
optomechanics to create and verify nonclassical phase-sensitive correlations between light and the
motion of a levitated nanoparticle in a realistic scenario. We show that optomechanical two-mode
squeezing can persist even at the elevated temperatures of state-of-the-art experimental setups.
We introduce a detection scheme based on optical homodyning that allows revealing nonclassical
correlations without full optomechanical state tomography. We provide an analytical treatment using
the rotating wave approximation (RWA) in the resolved-sideband regime and prove its validity with
a full numerical solution of the Lyapunov equation beyond the RWA. We build on parameters of
current experiments for our analysis and conclude that the observation of nonclassical correlations,
which are essential for quantum sensing, quantum engines and quantum simulations with levitated
nanoparticles, is possible with state-of-the-art capabilities. The general treatment can be applied to

other optomechanical platforms.

I. INTRODUCTION

Nonclassical correlations between different quantum
systems constitute the physical backbone of hybrid quan-
tum devices. For example, electromagnetic radiation is
used to connect atomic or solid-state quantum systems
over long distances. In hybrid quantum systems, these
interactions need to go beyond the limitations of classical
interfaces. This can be verified by detecting nonclassi-
cal correlations, for example, using the Cauchy-Schwarz
inequality for the second order correlation function [1-
4] or by direct observation of energy correlations [5-8].
These witnesses are phase-insensitive. In contrast, phase-
sensitive witnesses rely on the detection of quadrature
correlations between homodyne detectors [9, 10]. Reveal-
ing such correlations is a precursor for the evaluation of
continuous-variable entanglement [11, 12] that builds up
in the interaction between quantum oscillators and light.
Experimental demonstrations of entanglement, or two-
mode squeezing, have been achieved between light and
atoms [13-15] and between microwaves and mechanical
motion [16, 17]. In the optical domain, phase-insensitive
detection of nonclassical correlations has been achieved
in optomechanical photonic crystals |1, 18, 19].

The observation of nonclassical effects in cavity-
optomechanics is often inhibited by mechanical coupling
to a thermal environment. It is therefore not surpris-
ing that most quantum optomechanics experiments to
date are performed in a cryogenic environment. Several
strategies have been proposed to circumvent the nega-
tive impact of the thermal environment [20, 21]. One of
the most promising approaches relies on utilizing pulsed
cavity-optomechanical control [22], which was shown to
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be robust to the thermal noise of the mechanical environ-
ment and therefore does not rely on deep precooling of the
mechanical motion [23]|. In experimentally implementing
such an approach, levitated cavity-optomechanics [24-29|
is particularly suitable due to its simple mechanical mode
structure. Additionally, it provides an excellent isolation
from the thermal environment [30, 31]. With the recent
demonstration of ground-state cooling in an optical cav-
ity [29], the demonstration of nonclassical optomechanical
correlations constitutes the next relevant step for levitated
optomechanics. Accordingly, increasing theoretical effort
devoted to obtaining non-classical states [32] and correla-
tions [33] with levitated nanoparticles is to be expected.

Here we demonstrate how phase-sensitive non-classical
correlations can be observed in a state-of-the-art opti-
cal levitation experiment at room-temperature. We an-
alyze the entanglement and generalized squeezing that
is created during a pulsed entanglement protocol with a
moderate precooling (to an occupation of 10* phonons)
and realistic heating rates. Our analysis builds on pre-
vious studies of the pulsed approach to optomechanical
entanglement [16, 22|. In contrast to these studies we
also consider the non-adiabatic regime of a good cavity,
in which the timescales of coupling and pulses exceed the
cavity decay rate. Moreover, we propose a setting that al-
lows direct verification of the nonclassical correlations by
detecting the relevant quadratures in homodyne detection.
Similar to the DGCZ criterion [34], standardly employed
in optomechanics [16, 35, 36|, the proposed method gives
a sufficient condition of nonclassical correlations. At the
same time, our approach does not require full quantum
state tomography of the optomechanical state and thus
requires less experimental effort. We conclude that non-
classical correlations are observable in state-of-the-art
levitated cavity-optomechanics in a room-temperature en-
vironment without the need for pre-cooling to the ground
state. Our analysis is as well applicable to any optome-
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chanical system capable of functioning in the linearized
regime of the radiation-pressure coupling [37-41].

Creation and efficient verification of entanglement is
crucial for a number of quantum technologies. Non-
classical correlations involving macroscopic objects en-
able entanglement-based quantum control schemes for
such systems. This, in turn, helps to exploit their full
potential for metrology and force, mass and acceleration
sensing [42-55]. Another prospective field where nonclas-
sical correlations can be applied is signal transduction
and routing at the quantum level [56, 57]. At the funda-
mental level nonclassical correlations with nanoparticles
can be used for tests of quantum mechanics at macro-
scopic scales [58, 59|, testing of collapse models [60, 61] or
quantum thermodynamics [62]. An example of a possible
application of nonclassical optomechanical correlations is
the pulsed measurement-induced squeezers for mechan-
ical states. Such squeezers have direct applications in
nanomechanical engines [63-69] capable of reaching quan-
tum limits of performance [66]. In the long run, methods
for efficient creation and verification of optomechanical
entanglement find their direct use in areas such as optome-
chanical arrays [70-72] where nonclassical correlations are
useful for enhancing the coupling and extending it spa-
tially.

II. RESULTS
A. Generation of the nonclassical correlations

In this manuscript we consider a pulsed optomechani-
cal protocol to create nonclassical phase-sensitive correla-
tions between a pulse of radiation and noisy mechanical
oscillations of a levitated nanosphere. In levitated op-
tomechanics, the radiation pressure enables a parametric
interaction between the cavity light and oscillations of a
nanoparticle trapped inside the cavity in an externally
applied Gaussian beam. The interaction can be enhanced
and manipulated by a laser drive. Depending on the
tuning of the drive, different types of optomechanical
interaction can be observed. They can differ in their sen-
sitivity to the noise of mechanical systems [73]. When the
optomechanical system operates in the so-called resolved-
sideband regime (when the cavity linewidth x is smaller
than the frequency of the mechanical motion of the parti-
cle Q), in the particular case of resonant driving on the
upper mechanical sideband, an effective amplifier-type
interaction is established between the light and mechanics,
with the Hamiltonian expressed in terms of the ladder
operators as Hrms = g(amar, + h.c.). This interaction is
known to generate various forms of quantum correlations
between the electric field of the light and the particle
motion. In Ref. [16] this type of coupling was used to
create electromechanical entanglement after pre-cooling
the mechanical oscillator from the initial occupation of
approximately ny = 40 down close to the ground state.
Advantageously, the highly mixed entanglement thus gen-

erated can be quite robust against the mechanical noise
for a highly developed experimental platform [23] even
without this pre-cooling stage. This property is an im-
portant resource for transducers with hot mechanical
systems [57, 74-76]. Driving the system on the lower
mechanical sideband enables parametric conversion be-
tween the light and mechanical motion with an effective
Hamiltonian Hgs = g(amaTL + h.c.). Using the toolbox of
these interactions, it is possible to create and verify the
non-classical correlations in an optomechanical system.

FIG. 1. A scheme of the pulsed protocol to generate and verify
nonclassical correlations between the levitated nanoparticle
and light. (a) A sketch of the proposed setup. A subwavelength
particle (P), trapped within a single-mode cavity, is coupled
to its mode via radiation pressure at rate g. (b-d) Two light
pulses, blue- and red-detuned enter the cavity to interact with
the particle and are subsequently routed to the homodyne
detector (HD) via the circulator (C). The cyan 8-like symbol
denotes non-classical correlations between different parts of
the system. (e) Depending on the detuning A = weay — wp of
the pump, different types of interaction take place between
the center-of-mass motion of the particle and the intracavity
field.

The specific experimental setup we investigate is shown
in Fig. 1 (see also Refs. [29, 77]) with all the relevant
parameters that are used throughout the paper summa-
rized in the table of Appendix A. An optical tweezer
(A = 1064 nm) traps a silica nanoparticle (Radius:
r & 70 nm) providing an essentially harmonic trap with a
radial frequency of €2, = 27 x 190 kHz. The nanoparticle
is positioned at the axis of a high-Finesse cavity (cav-
ity linewidth x ~ 27 x 96.5 kHz, Length: [ ~ 10 mm)
and at the intensity slope of the standing wave in an
optically driven mode, resulting in the typical linearized
optomechanical interaction ([30, 78]). The particle is
also interacting with a thermal environment given by the
surrounding gas at a pressure of 1076 mbar and room tem-
perature resulting in a dominant heating rate of 15 kHz.
Recoil from scattered photons adds a smaller contribution
of 6 kHz. Following the protocol of [22]|, non-classical
correlations are created by sending a blue-detuned light
pulse (Detuning: A = Q,,,, Duration: 7 = 6.6 us = 8/k,
coupling to mechanics: g = 27 x 60 kHz) onto the cav-
ity. We assume the driving laser to be shot-noise limited.



Laser phase noise manifests itself in an additional heating
of the particle’s motion at a moderate rate and is there-
fore covered in the following analysis. Precooling assumes
only a moderate initial occupation of ng < 10* phonons,
because no significant improvement of entanglement is
achieved by lower initial occupations. In Section IT A
we analyze these optical-mechanical correlations in de-
tail. To detect the correlations a second, red-detuned
readout pulse is used (detuning: A = —Q,,, coupling g
and duration 7 equal for both pulses). We analyze the
non-classical correlations observed between these pulses in
homodyne detection after emission from the optical cavity
in Section II B. Losses of the cavity mirrors provide the
dominant limitation on efficiency. In our results we use
current [77] and realistic (e.g. [79]) detection efficiencies
of 0.4 and 0.8, respectively.

We propose to utilize this interaction of the center-
of-mass displacement of a levitated nanoparticle with a
pulse of light impinging upon the cavity to prepare a
nonclassical correlation between the leaking light and
noisy mechanical motion. In the presence of the pump,
the annihilation operators of the optical (B) and the
mechanical (a,,) modes transform according to the set of
linear input-output relations

Bt = /GB™ + /G — 1a] (0), (1a)
am (1) = \/Eam(()) +vG — lBi"’T, (1b)

which corresponds to a two-mode squeezing interaction
with the gain G ~ exp[2¢?7/k] determined by the values
of the optomechanical coupling rate g, cavity linewidth s
and the interaction duration 7. It is important to stress,
that B describes a certain mode of light defined by a
particular temporal profile (see Appendix B 1 for details).

It is known that the unitary two-mode squeezing inter-
action can entangle the participating modes even in the
case of large initial noise in one of the modes [73]. The
optomechanical cavity, however, is open and therefore
its dynamics is not simply unitary. The cavity is cou-
pled to the detection channel and therefore has a finite
linewidth . The collection efficiency is non-unity, so
a part of the signal from the optomechanical cavity is
lost. This effect is easy to describe as pure loss before
the detection. The nanoparticle experiences heating at
a rate I' due to a number of factors, of which the two
most important are collisions with the residual gas inside
the vacuum chamber and the recoil heating. Our task
is therefore to analyze the robustness of the protocol to
these imperfections and determine to what extent the
performance of a realistic levitated system can approach
the idealised unitary two-mode squeezing. The analysis of
the operation of a levitated system has a few peculiarities
compared to conventional bulk devices. Levitated systems
are capable of demonstrating rather strong optomechan-
ical coupling comparable to the cavity linewidth g ~ k.
This allows operation beyond the adiabatic regime (in
which the intracavity light mode is unpopulated). This, in
turn, requires a precise definition of the temporal modes
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FIG. 2. (a) Robustness of the nonclassicality of the correla-
tions between light and mechanical motion of the levitating
nanoparticle (see Fig. 1 (c)). Two-mode squeezing Sgen (dark
blue) and logarithmic negativity En (light red) as functions of
the heating rate I' (logarithmic scale, in units of k) assuming
an initial mechanical occupation of ng = 10*. The dashed line
shows the two-mode squeezing computed without the rotating
wave approximation. The error bars on the blue curve are
obtained from the numerical simulation (see text). (b) Two-
mode squeezing as a function of the coupling rate. The dark
green line shows the adiabatic regime; light yellow, full solu-
tion. The two solutions coincide well at values corresponding
to the weak coupling where the adiabatic approximation is
valid. Numerical parameters are g = 0.6k, 7 = 8/k, Q = 2k.

for the homodyne detection. Another peculiarity is a
rather stringent limit on the duration of operation 7 set
by the inverse heating rate: I't < 1.

To visualize the nonclassical correlations in the system
formed by the leaking pulse and the mechanical oscillator,
we use entanglement evaluated in terms of logarithmic
negativity [11] and the two-mode squeezing. The latter
has the meaning of the maximal amount of squeezing that
can be directly extracted from the system by a global
Gaussian passive transformation [12]. Both quantities can
be straightforwardly computed for a bipartite Gaussian
quantum state. We evaluate the nonclassicality as a
function of the heating rate in Fig. 2(a). It can be seen
that the heating influences the correlations only beyond a
certain point (in Fig. 2: approximately 10~2), after which
the nonclassicality decreases from the value Ey =~ 1.7 and



eventually vanishes after a certain value I'¢i;. In Fig. 2 two
values of the heating rate are emphasized: I'gys set by the
collisions with the residual gas in the trapping chamber
and the recoil heating [80] and T, set by the recoil heating
alone. The latter is determined by the properties of the
particle and the trap, and appears to be a fundamental
limitation for a given experimental environment. We,
however, see that this limitation is not prohibitive for the
feasible setup.

The behavior of the nonclassical correlations as a func-
tion of the heating rate depends on the particular regime
of operation determined by the coupling rate g and the
pulse duration 7. For Fig. 2 we numerically optimized the
two-mode squeezing as a function of g, T to persist at as
high T" as possible while providing at least 1 dB of squeez-
ing at I' = I'gss. One regime of interest is the so-called
adiabatic regime, in which the cavity mode is eliminated
and the interaction approaches the ideal unitary form (1)
of the pure two-mode squeezing. If the cavity linewidth s
is the dominant rate of the system, the cavity excitations
instantaneously leak. Thereby, the propagating light is
virtually directly coupled to the mechanical motion, which
allows transformations of the form (1). In the adiabatic
regime (see Appendix D) the magnitude of the squeezing
is determined by the interaction gain G = exp[2¢°7/x]
and the influence of the thermal noise from the mechanical
environment is set by the product I'r.

The formal requirements of the adiabatic regime can
be cast as k > g, 7!, T, therefore, the regime needs the
pulses to be rather long with k7 > 1. The available
duration of the pulse, however, is limited from above
by the heating rate. Indeed, the decoherence caused by
interaction with the environment is manifested in the
form of an admixture of thermal noise to the quantum
state of the particle with the variance of the thermal
noise proportional to I'r. When the condition I't < 1
is met the environment has virtually no impact on the
nonclassicality which can be seen from Fig. 2(a). This,
however, with the currently observable heating rates, sets
an upper limit on allowed pulse durations 7. This, in turn,
makes the adiabatic regime infeasible, and makes the full
dynamics richer than just unitary two-mode squeezing.
We, however, see from Fig. 2(b) that for weak coupling
rates g < k that satisfy the adiabatic requirements, the
performance of the full solution can be approximated
by the adiabatic one. Creation of strong nonclassical
correlations, however, requires an excursion outside of the
adiabatic regime.

To produce the curves we also assume that both sub-
systems experience a loss characterized by transmittance
17 = 0.8 (n = 1 corresponding to the lossless case). For
the optical mode this loss describes different possible im-
perfections including non-perfect detection and collection
efficiency, and also imperfect temporal and spatial mode
overlap. For the mechanics, the loss simulates a process of
transferring the mechanical state to a measurable system,
as the mechanical state itself is not accessible. In partic-
ular, a readout of the mechanical oscillator’s state done

by a red-detuned pulse is also equivalent to an almost
noiseless lossy map to light [81, 82], so the lossy model
gives a good grasp of this process. The proper simulation
of the readout of the mechanical state by a red-detuned
pulse is in Section II B. Importantly, the figure shows that
the nonclassical correlations of interest are quite robust
to pure loss. The correlations are also created regardless
of the initial temperature of the mechanics. Fig. 2(a)
is plotted for a realistic value of initial occupation of
no = 10%, and decreasing the occupation further does not
increase magnitudes of either the two-mode squeezing or
the logarithmic negativity.

The error bars in Fig. 2(a) are obtained from numerical
simulation. A covariance matrix of the final bipartite
state depends on a number of parameters, including the
coupling rate g, interaction duration 7, the initial occupa-
tion ng and the reheating rate I'. For a certain value of
the latter we take an ensemble of 40 numerical samples
of covariance matrices assuming that each of the other
parameters e (with e being one of g, 7 or log;yno) is
uniformly distributed within the region 0.9¢ < e < 1.1e.

To perform a complete check of the robustness of our
proposed setup, we also compute the two-mode squeez-
ing beyond the rotating wave approximation (RWA) by
numerically solving the Lyapunov equation for the covari-
ance matrix (see Appendix B 3). The RWA significantly
simplifies the solution, as it allows to omit the terms
in the interaction that oscillate as o e*2*** which are
off-resonant for > k,g. The accuracy of the RWA,
thereby, increases when {2 becomes large compared to
the other frequencies of the system. The solution be-
yond RWA includes the omitted terms which represent
the beamsplitter-type interaction between light and me-
chanics. Our analysis (Fig. 2(a), dashed line) shows that
for a moderate sideband resolution (2 = 2k) inclusion of
these terms slightly improves the creation of nonclassical
correlations thanks to additional cooling of the nanoparti-
cle. As ) increases, the dashed line approaches the solid
line until at approximately 2 = 10x there is no difference
caused by inclusion of the beyond-RWA terms. For details
see Appendix B 3.

B. Detection of the correlations via homodyne
measurement

In this section we provide a recipe to experimentally
assess the nonclassical correlations between the light and
mechanics created by the blue-detuned pulse. The quan-
tum correlations can be detected by swapping the mechan-
ical state to the leaking pulse followed by a tomography
of the quantum state of the two pulses. Using homo-
dyne detection one can reconstruct the full covariance
matrix from which it is possible to evaluate an arbitrary
measure of nonclassicality, in particular, the two-mode
squeezing and the entanglement. We also can design an
experimentally less resource-demanding two-mode squeez-
ing witness that can show the presence of entanglement



requiring fewer experimental runs. In particular we notice
that the optomechanical entanglement manifests itself in
the form of two-mode squeezing that is a squeezing of
a weighted combination of quadratures of light and me-
chanics. The combination quantitatively coincides with
the one provided by the theory of the unitary two-mode
squeezing in the adiabatic regime.

Our proposal of the evaluation of the correlations cre-
ated by the blue-detuned pules relies on use of a subse-
quent pulse tuned to the lower mechanical sideband of the
cavity. In such a case, depending on the parameters, the
interaction between the light and the nanoparticle’s mo-
tion approaches the unitary beamsplitter-type coupling.
The input-output relations for this coupling, similarly
to Eq. (1), can be cast in the form:

ROUt — /TR" + \/ﬁam(n)’ (2a)
am (1) = VTam(r:) + VT — IR™, (2b)

where 7; = 7 4+ 7p is the instant at which the state swap
starts; this instant incorporates some delay 7p after the
entangling interaction has ended, and 7y = 7; + 7R is
the instant at which the state swap is completed. The
transmittance 7 is determined by the strength of the
pump and the duration of the swap 7r. It is easy to
show (see Appendix B) that a,,(7;) is equivalent to a,,(7)
entering Eq. (1) up to some thermal noise defined by the
duration of the delay 7p. The correlations between the
quadratures of the modes defined by annihilation oper-
ators Bt and R°"* will then reveal the original correla-
tions between B°“* and a,,,(7) created by the blue-detuned
pulse.

Using the standard approach outlined in Appendix B
we can evaluate the nonclassical correlations that persist
in the bipartite system formed by the two pulses. Fig. 3,
where we plot the two-mode squeezing as a function of
the heating rate of mechanics, shows the robustness of the
correlations to the mechanical decoherence. It can be seen
that compared to the purely unitary description of Eq. (2)
the readout is not purely lossy, but in fact adds noise.
The noise, however, is moderate so it does not prohibit
creation of correlations between the two pulses with exper-
imentally feasible parameters. The graphs were obtained
for the parameters optimized to make the correlations
observable at as high heating rates I' as possible. From
the figure we conclude that with a feasible heating rate
and detection efficiency one can observe the two-mode
squeezing in a state-of-the-art experiment. The correla-
tions between the two pulses are similarly robust to the
initial mechanical occupation just as were the correlations
between the mechanics and the entangling pulse.

A full tomography of the bipartite Gaussian state of
the two pulses requires estimation of all 10 independent
entries of their covariance matrix. Instead, to reduce
the experimental cost of the detection, we propose to
use the fact that the two-mode squeezing manifests itself
in the form of suppression of one of the eigenvalues of
the CM below the level of the shot noise. This means
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FIG. 3. Detection of nonclassical correlations with homodyne
measurement on leaking light. (a) comparison of the two-
mode squeezing of the leaking entangling pulse and mechanical
motion (S™™; dark blue; Fig. 1 (c)) and two-mode squeezing
of two pulses (S*7, light red; Fig. 1 (d)) as a function of
heating rate. Full and dashed lines show cases of detection
efficiency n = 0.8 and n = 0.4 respectively. (b) detectable two-
mode squeezing —101og;, Var Xgen [¢°%, 05, 0%"] as a function
of homodyne angle 0 for two other angles set to their optimal
values. Heating rate I' = 0.1x. Different colors show initial
occupation of mechanics (from wider to narrower curve) ng = 1
for dark green, ng = 10 for blue, and no = 100 for light yellow.
Error bars are obtained by numerical simulations.

that in the optimal basis, in which the CM is brought
to the diagonal form, the smallest eigenvalue enters the
CM as a variance of one of the quadratures. Therefore,
by adjusting the homodyne detection, it is possible to
perform the measurement in this particular basis and to
obtain the smallest eigenvalue directly.

To demonstrate the possibility of the two-mode squeez-
ing observation we analyze a generalized quadrature of
the bipartite system, defined as

Xgen[$, 05, OR] = X5 cos ¢ + X% sin ¢, (3)

where we define the quadratures of individual subsystems
in the bases rotated by an angle 6: Xf = X,;cos0 +
P;sinf. A certain choice of ¢ defines the weight with
which quadratures of each of the systems enter the gen-
eralized quadrature. In a particular experimental run,
the values of angles 0 are defined by the phase of local
oscillator of the homodyne detector. The angle ¢ can



be adjusted in post-processing of the measurement re-
sults. Transformation to the generalized quadrature (3)
represents the most general passive Gaussian bipartite
transformation possible. To rule out the product states
where one mode is squeezed, we consider only the bipartite
states where each of the quadratures Xg g has a variance
above the shot noise level (which is the case occurring
in the optomechanical two mode squeezing), while their
combination exhibits squeezing.

The variance of Xgen[¢°P, 05, 0] computed for our
system is presented at Fig. 3(b). We observe that for
certain values of ¢°P* and 6 the generalized quadrature
is squeezed below the shot noise level. Both curves have
the same magnitude, which shows the insensitivity of the
correlations to the initial occupation ng, however, a lower
occupation simplifies the detection via homodyne since
the squeezing can be seen in wider range of the homodyne
angle 0. In other words, cooling closer to the ground state
allows an order of magnitude less precise adjustment of
the homodyne angles. This is advantageous, since in an
experiment the homodyne angles fg g have to be set in
advance to the values that have to be estimated from the
theory. Such an estimation relies on the calibration of the
system parameters and can be error-prone. Increasing
the initial occupation also increases the demand for the
precision with which the homodyne angle has to be de-
termined. Simple calculations (see Appendix D) yield an
estimate Omax o< 1/ v/no for the maximal imprecision after
which the squeezing vanishes. Note that for occupations
up to as high as ng ~ 10* the required precision §6 does
not exceed the value 6, = 1.7 mrad attained in Ref. [83].

In order to verify the robustness of this detection scheme
against the fluctuations of the system parameters, we sim-
ulate such fluctuations numerically. For each value of
the deviation from the optimal homodyne angles 66, we
compute the mean and the variance of squeezing for an en-
semble of 20 realisations assuming each of the parameters
¢ (initial occupation ng, coupling rates g and durations
7. of both pulses, and the heating rate I') are randomly
uniformly distributed within the range 0.9 < e < 1.1 of
the equilibrium value. The homodyne angles 0g r assume
the same values across the realisations to simulate a sit-
uation where they are set prior to the experiment. In
contrast, the optimal superposition angle ¢ is determined
for each realisation individually, because the optimisation
with respect to this angle is possible in post-processing.
The result of this simulation determines the error bars
in Fig. 3 (b). The graph shows that the fluctuations of
the parameters do not influence the detection much.

IIT. CONCLUSIONS

In this manuscript we demonstrate the capability of lin-
earized Gaussian dynamics of a levitated optomechanical
system (a levitated particle inside an optical cavity) to
create nonclassical correlations persisting at high initial
temperatures of the mechanical mode. Using the formal-

ism of Heisenberg-Langevin equations and input-output
theory we search for two-mode squeezing and entangle-
ment (the logarithmic negativity). While heating of the
particle by the environment is the main limiting factor,
we find that non-classical correlations can persist at pa-
rameters of current experiments. These correlations are
robust against experimental imperfections such as losses
or heating effects, and can be efficiently detected by ho-
modyning the cavity output field. This is achieved by a
readout pulse that maps the correlations to a two-mode
squeezed optical system.

The creation and observation of the described non-
classical correlations is a powerful resource for quantum
controlling levitated nanoparticles without the need to
initialize the mechanical system in the quantum ground
state. Future experiments may well combine such cor-
relation based control with the additional capability of
spatio-temporal driving of the optical potential landscape
beyond quadratic potentials [84] or non-Gaussian detec-
tion [19, 33]. These complementary methods can provide
a rich toolbox for optimal non-Gaussian quantum state
control.
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Appendix A: Parameters used for simulations

The experimental parameters are listed as reported
in [29, 77]. The reported experimental values are con-
verted to dimensionless units where x = 1 (third column).
In the fourth column are the values of the parameters
used for the simulations to create Figs. 2 and 3.



Parameter Experimental Dimensionless Simulations

k (kHz) 27 x 96.5 1 1

g (kHz) 27 x 60 0.62 <0.6
Qm (kHz) 27 x 190 1.96 2
Tgas (kHz) 27 x 15 0.16 0.16
I, (kHz) 27 x 6 0.06 0.06

TABLE I. Parameters of the experimental setup [29, 77] used
for simulations.

Appendix B: Estimating Covariance Matrices
1. Hamiltonian formulation

In this manuscript we consider a levitated optomechani-
cal system as depicted in Fig. 1. At the heart of the scheme
is the levitated subwavelength dielectric particle trapped
in high vacuum within a high-Q optical cavity assumed
to be a single-mode cavity described by canonical quadra-
tures X, P., with eigenfrequency we,y and linewidth .
Within the cavity the subwavelength particle is held in
a harmonic trap so that the particle’s center of mass
motion can be modelled as a harmonic oscillator with
quadratures X,,, Py, of eigenfrequency 2. We normalize
the quadratures such that [X, Py] = 2i, with k£ = ¢, m.
The two modes interact via radiation pressure by a linear
coupling at rate g. In the presence of a strong classical
pump at w, the Hamiltonian of the system is linearized
and reads in the frame rotating at wpa'a (see [85-87]):

H=A(X?>+ P} /4+ QX% + P2)/4— gX.X,n, (B1)

where A = we,y — wp is the detuning of the pump, g =
Oweay

o (np) is the optomechanical coupling rate enhanced
by (np), the mean number of intracavity photons due to
the pump.

It is illustrative to rewrite the Hamiltonian (B1) in the
rotating frame defined by the first two terms of H. In this
frame, only the interaction term remains. Introducing the
annihilation operators for both mechanics and the cavity
mode as ap = (Xj + iPy)/2, the interaction Hamiltonian
can be written as

— H/g = acapme” D 4 ala,, e @A L he (B2)

The Hamiltonian has the form of a sum of a beamsplitter-
type term and a two-mode-squeezing term, both modu-
lated by an exponential. In the important cases of the
resonantly detuned pump with A = £, one of the terms
in the interaction becomes resonant, and the other, on
the contrary, off-resonant. In particular if the drive is
detuned to the higher mechanical sideband, A = —£2, the
interaction reads

H = —gacam, — gamale " £ hc. (B3)
If the condition of resolved sideband, 2 > k, holds, as it is
in a significant fraction of the contemporary optomechan-
ical experiments, the second term is indeed far from the

cavity resonance, and is resonantly suppressed. Therefore,
the interaction Hamiltonian approaches the two-mode-
squeezing form. A similar reasoning can be applied to
show that when A = €, the interaction takes the form of a
beamsplitter-type coupling with Hamiltonian H o a,a.

In general case, taking into account damping and dissi-
pation starting with the Hamiltonian (B1), one can write
the system of Heisenberg-Langevin equations in the vector
form

u=Au+n, (B4)

where u = (X, Pey X, Prn) is the vector of unknowns,
n = (V26X V26Y™ 0,/27¢™) is the vector of input
fluctuations. We assume the optical input field to be
in vacuum. The mechanical fluctuations & stem from
different sources including collisions with the residual gas
particles and recoil heating. We assume for £ Markovian
Gaussian statistics and describe it by a thermal state with
the mean occupation ny,, v is the viscous damping rate.
The two parameters are conveniently combined in the ex-
perimentally detectable reheating rate I' = yny,. To sum-
marize, the noises obey the statistics (with the notation

for the Jordan product (aob),; = i <(aibj + bjai>>):

(@) 0 M (t)) = (2nwn + 1)3(t — '), (B5)
(Q"(t) o Q"(t)) = 6(t —t), with Q = X,Y.  (B6)
The drift matrix A has the form
- —-A 0 0
A -k 29 0
A=19 0o 0 © (BT)
2g 0 —-Q —«v
Eq. (B4) has solution
u(t) = M(¢).u(0) + /t ds M(¢ — s).n(s), (BY)
0

where M(¢) = exp[At]. The solution is valid for a time-
independent matrix A.
One can write the solution for the light leaking from
the cavity using input-output relations
out __ 1 ~
u mn +
where tilde means taking the first two elements of a
vector, e.g. 1 = (X, P.). The leaking field u°“*(¢) =
(X°Ut (), Y°U(t)) describes a continuum of modes of semi-
infinite space. Of those we are interested in the one mode
that is being detected in the homodyne detector. The
quantum state of the leaking pulse is therefore described
by the canonical quadratures of that mode defined as

2k, (B9)

U = (X You) = /OT ds u(s) fo(s), (B10)

where the function f°Ut defines the temporal profile of
the mode to be measured. In order to fully capture the



necessary information it is important to tailor a specific
profile. This is particularly evident for the readout (red)
pulse that necessarily needs to be adjusted to retrieve the
state of mechanics at the beginning of this pulse since the
initial mechanical state couples to a particular temporal
mode. For both pulses, we use the profiles equal to the
element of the matrix Ml which corresponds to the transfer
of the initial mechanical quadratures to the light. In par-
ticular, for the readout pulse, we choose foU*(t) ox My3(¢).
Optimization of the profiles might be beneficial for the ob-
servation of stronger nonclassical correlation, though such
observation is beyond the scope of the present work. In an
experiment, different profiles f°“* can be used by means
of frequent sampling of the leaking signal and assembling
a weighted sum of the samples in post-processing [88, 89].
The state-of-the art detectors allow detection at rates
that significantly exceed the characteristic rates of the
levitated optomechanical systems, therefore there is a
certain freedom in selecting fout.

2. Rotating Wave Approximation

In a typical optomechanical system, particularly in
the levitated optomechanics, the optomechanical cou-
pling rate is smaller than the cavity linewidth: ¢ < k.
Combined with the condition of the resolved sideband
Kk < ) this suggests that creation of the optomechan-
ical correlations happens at the timescale slower than
the oscillations at €2. This justifies a transition to the
rotating frame, defined by the first two terms of Eq. (B1)
Hys = A(XZ2+ P?)/44+Q(X2 + P2) /4, with a subsequent
application of rotating wave approximation (RWA).

The transition to the rotating frame amounts to the
transformation from the vector u to the vector of the
quadrature amplitudes u = R.v, where R = Ry (At) &

Ro(Qt), and
cosa sina
R(a) = < sina cos a> )

The new vector of unknowns contains the quadrature am-
plitudes v = (Xc(c), Xc(s), X,g?, Xﬁf)) that on the timescale
of mechanical frequency do not change significantly. The
quadrature amplitudes obey a vector equation

(B11)

v=A®rv4+n®, (B12)

where

A® —R-L, (AR - R) , n®=R'n  (B13)
The matrix A" defined in this fashion contains terms
that are rapidly oscillating compared to the rates g, x, .
The RWA amounts in dropping these terms. As a result
we obtain

-k 0 0 9r — 9b
0 —K -+ 0
Avlrwa = 0 g -a g _%gb 0 . (B14)

gr+gb 0 0 *%

Here g, and g, are the optomechanical coupling rates
enabled by pumping on the, correspondingly, lower and
upper mechanical sidebands of the cavity. We assume
that during the entangling (blue-detuned, A = —) pulse,
g = g,9- = 0. In a similar fashion, during the read-
out pulse (red-detuned, A = ), we put g, = 0,9, = g.
Between the pulses, there is no optomechanical interaction
so the two modes (optical and mechanical) only expreience
decay and decoherence. The statistics of n(*) takes simple
form in RWA:

<n(“)(t) o n(”)(t’)> = diag[2k, 2k, 2T, 2T'|6(t — t').
(B15)
In the RWA then, Eq. (B12) is a system of linear differ-
ential equations which can be solved in a manner similar
to Eq. (B8). With help of Egs. (B9) and (B10) where
again f°U'(t) oc My3(¢) one can write solution for the
necessary covariance matrix.

3. Lyapunov Equation

One way to investigate the Gaussian dynamics de-
scribed by Eq. (B12) is to use Lyapunov equation. For
the covariance matrix V corresponding to the vector v it
reads

. T
V=A®V1V. (A(”)> +D®, (B16)

where we keep the terms oscillating at 20 in A(")| and
D®) is the diffusion matrix containing correlations of the
noises:

(n® () on®(¥)) = DWs(t — 1), (B17)
beyond RWA it reads
D@
2k 0 0 0
[0 2k 0 0
0 0 2I'(1 + cos(20t)) 2T sin(202t)
0 0 2T sin(2Q2t) 2T sin(1 + cos(292))
(B18)

We are, however, interested in the solution for the
pulses of the leaking light. Taking a derivative of (B10)
over time, we can obtain equations of motion for the
pulse quadratures. Then we can write for a 6—vector
W = ([v]1><4’xout7yout)

w=AWw 4 n®), (B19)
where
A(w)] 042
Alw) — < [ 4x4 X ) , B20
V26U ()12 Oaxz  O2x2 (B20)



with 1,, and 0,,x., being, respectively, an identity matrix
and a matrix full of zeros of corresponding dimensions.
For the new 6 x 6 diffusion matrix we obtain

D)
[D(U)]4><4 7fOUt (t)’\/ 2/"»’12

= 022

—f"V2k1z Oaxa (f(t))%2k12

(B21)

In this definitions, the covariance matrix W = (w o w)
can be obtained as a solution of the Lyapunov equation

W =AW+ wW.A® L D), (B22)
with the initial condition
W(0) = diag(1,1,2n0 + 1,2n + 1,0,0). (B23)

The equation above shows that the intracavity mode starts
at a vacuum state, the mechanics is initially in a thermal
state with mean occupation nyg.

Removing the first two rows and two columns of W
that correspond to the intracavity mode, we arrive to
the relevant covariance matrix that describes correlations
between mechanics and the pulse. The Lyapunov equation
can be further generalized in a fully similar fashion to
describe the subsequent red-detuned readout pulse. To do
0, one has to extend the vector w to have the quadratures
of the pulse, and properly generalize the matrices A(*)
and D),

Appendix C: Figures of nonclassicality

The formalism of the Heisenberg-Langevin equa-
tions allows expression of the output operators r =
(Xout yeut X, (1), Y (7)) in terms of linear combinations
of the input ones. The latter all have Gaussian statistics
provided by thermal and vacuum states and therefore,
since the dynamics of the system is described by linear
differential equations, the output is in a Gaussian quan-
tum state as well. Owing to this, the output state of our
system is completely described by the first two moments
of the vector r: the vector of means (r) and the covariance
matrix V with elements

o= Mo e 1)

Here {-,-} denotes the anticommutator. To evaluate the
elements of V one requires the solution for r that is ob-
tained as a combination of Egs. (B8) and (B9) and the
knowledge of the statistics of the input states. We assume
the intracavity and the input optical mode to be in vac-
uum, the mechanical mode precooled to a thermal state
with average occupation ng and the mechanical thermal
noise in a thermal state with average occupation nyy.

In this paper we evaluate the nonclassicality of the sys-
tem using two-mode squeezing and logarithmic negativity
as figures of merit.

(C1)

The two-mode squeezing is shown by the smallest eigen-
value ¢ of the covariance matrix of the optomechanical
system V. The two-mode squeezing has an intuitive in-
terpretation as the squeezing that can be extracted from
the system by a passive two-mode unitary operation. A
convenient way to evaluate the squeezing is to use the
units of decibel (dB). The conversion rule reads

g
Sqg = —101log;, P (CQ)

vac

where o is the squeezed eigenvalue. Here oy, stands for
the zero-point fluctuations variance (oyac = <O’X2’O> =1
for the choice of units in the present manuscript).

The logarithmic negativity of a bipartite quantum state
shows the upper bound of distillable entanglement. It can
be computed [11, 12] as

En = max[0, —logv_], (C3)
where v_ is the smaller symplectic eigenvalue of the co-

variance matrix of the partially transposed quantum state.
For the state with CM V written in block form as

Vi, V.
v [ 3] e
it reads
v —1\/2 — /32 —4detV (C5)
- = \/i 1% Vv )

with 3y = det V,,, + det Vi, — 2det V...

Appendix D: Generation of nonclassical correlations
in the adiabatic regime

In this section we investigate the generation of nonclas-
sical correlations in the adiabatic regime. This allows us
to obtain order-of-magnitude estimates for the robustness
of the protocol used in the main text.

The optomechanical system operates in the adiabatic
regime, when the cavity decay rate x exceeds other char-
acteristic rates of the system (optomechanical coupling g
and the heating rate I'). In this case, the intracavity op-
tical mode almost instantly tracks changes in the system
and can be eliminated. Formally, this is can be written
by equating the derivatives of intracavity quadratures to
zero in Eq. (B4).

The covariance matrix of the optomechanical system
reads

VLM _ (Ung 'Ule) +F (nL12 ’I’Lclg) , (Dl)

’Uclg ’L)M:].Q nclg TLM].Q

where the first matrix corresponds to the unitary dynamics
described by the input-output relations Eq. (1), and the
second matrix contains the influence of the noise from the



thermal mechanical bath. The elements of the matrices
read (ng is the initial occupation of the mechanics)

v =2G(ng+1) —2no — 1,um = 2G(no + 1) — 1,

(D2a)
ve =24/G(G — 1)(ng + 1), (D2b)
and
K
nv = ?(g —1) =27, (D3a)
k(G? — 1) — 4G g%

= ~ D

ne = g [£(G — 1) — 2¢°7] ~7vInG. (D3c)

792 -

The approximate estimates for nm L c are obtained by
expansion in g/k up to linear term and are valid for weak
coupling.

From Eq. (D3) we see that the thermal bath manifests
itself in form of additive noise with variance o< I'r. There-
fore, a condition for the thermal noise to not influence the

two-mode squeezing is this variance being small enough
I'r <1.

In what follows we assume that the thermal noise is
not present and analyze the unitary input-output rela-
tions Eq. (1) to investigate the squeezing detection proto-
col. The covariance matrix of the optomechanical system
is then represented by the first summand in Eq. (D1).
The eigenvalues of this matrix can be expressed as

g = f.VLM .f, (D4)

where

& = (cos b1 cos ¢, sin B cos ¢, cos O sin @, sin O sin ).
(D5)
This corresponds to taking the first value from the diago-
nal of the CM after transformation to the eigenbasis, in

10

correspondence with Eq. (3). The eigenvalue then reads

o = cos® p v +sin poy + cos(f1 — 62)sin2¢ v.. (D6)
The first two summands are non-negative, as v > 1 and
vm > 1. Hence, ¢’ is minimized when v, sin 2¢ < 0 and
0, = 0>. The optimal value of ¢ in this case is defined by

4v24(vL— UM)2
\/4v2+ (vL—vm)2HvL—vMm
5 .
m

Practially, it means that in order to detect the two-mode
squeezing in such system, one should detect the same
quadratures of both subsystems and superpose them with
the weighting factors cos ¢, sin ¢.

Note that the angles 0 5 (or, rather, the difference 6 =
61 — 65) should be defined before the experiment, as they
define the homodyne phases. As follows from Eq. (D6),
a divergence from the optimal 40 = 0 is equivalent to
the reduction of correlations between the subsystems that
are quantified by the value v.. In contrast, the angle
¢ can be determined in post-processing the data. This,
however, does not allow to regain the correlations lost
due to erroneous value of §6.

An estimate for the required precision for setting §6 can
be obtained by a direct calculation. Substituting Egs. (D2)
and (D7) into Eq. (D6) straightforwardly yields a compli-
cated expression for the eigenvalue as a function of G, ng
and 6. In the limit of high initial occupation ng > 1
and strong coupling G > 1, the condition of observation
of the two-mode squeezing o < 1 reduces to the simple
expression

cosp = (D7)

+ (v —vm) 2

1
2Gngy

This shows that a two orders of magnitude increase of the
initial mechanical occupation requires an order of mag-
nitude higher precision in setting the homodyne angles.
The initial mechanical occupation is the major factor that
determines the required precision. This is apparently
because it is ng that determines the spread of the final
quantum states that have to be matched to observe the
quantum squeezing.

0% <

(D8)
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